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Time-resolved spectra are often recorded in optical Thomson scattering experiments
of laser-produced plasmas. In this essay, the meaning of time-resolved spectra output
from a grating spectrometer is examined. Our results show that the recorded signal is
indeed the convolution of the response function of dispersion element and the product
of instant local dynamic form factor and electron density.
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I. INTRODUCTION
The Thomson scattering is a powerful diagnostics for plasma physics because it can
provide accurate and reliable information of high temperature plasmas1. In the fields of high-
energy-density physics in relevance to laser fusion and laboratory astrophysics, the Thomson
scattering systems have been developed for various laser facilities2–10. With novel schemes
of experimental setup and data analysis7,11,12, plasma parameters can be inferred with high
accuracy, making Thomson scattering as key tool for quantitative study of high-energy-
density physics. It becomes necessary that subtle effects must be included in the theory
of Thomson scattering13–23. Many important physical processes have been experimentally
investigated with this powerful technique24–32.
High-energy-density plasmas generated with high power laser pulses usually evolve rapidly
with time because of great pressure gradient. In a modern experiment of optical Thomson
scattering off laser-produced plasmas, scattered light waves are usually collected with an
imaging system and are then relayed into a grating spectrometer coupled with a streak
camera. With such kind of experimental setup, time-resolved Thomson scattering spectra
are obtained, from which physical processes of interest are then inferred. However, to the
best knowledge of the authors, the exact meaning of time-resolved spectrum obtained with
above mentioned method is never clarified. Since Thomson scattering have been a very
accuracy experiment tool for plasma physics, the meaning of the recorded signal should be
carefully checked. In this article, we address this topic and discuss the relation between the
recorded signal and the dynamic form factor.
II. OUTPUT OF A GRATING SPECTROMETER
We assume that a point light source is incident onto a grating after collimated with an
ideal lens. The diffracted light wave due to the grating is then focused with another lens
onto the slit of a streak camera. Shown in Fig. 1 is the schematic setup, in which the
incident angle is φ and the diffraction angle is θ.
We describe the point source with a function E(t). The output signal in the spectral
2
? ?
Grating
OUTPUT
Time-resolved Spectrum
Streak Camera
& Detector
Light
Source
Lens Lens
INPUT
Signal
FIG. 1. Schematic setup of time-resolved Thomson scattering measurement.
plane of the spectrometer is given by
I(t, θ) =
∣∣∣∣∣∣
1
N
N/2−1∑
k=−N/2
E(t− kτθ)
∣∣∣∣∣∣
2
, (1)
where τθ is time delay between two diffracted light waves from two adjacent groove lines of
the grating,
τ(θ) =
d
c
(sinφ+ sin θ). (2)
Here d is the grating constant, c is the light speed, and N is the total number of the active
groove lines of the grating. The output signal depends on the time t as well as the diffraction
angle θ which determines the frequency through the Bragg equation. Therefore, Eq. (1)
describes time-resolved spectrum.
With the introduction of the grating function G defined as
G(t) =
1
N
N/2−1∑
n=−N/2
δ(t− nτθ), (3)
the output signal (1) can be written as the square of the convolution of the input signal and
the grating function,
I(t, θ) =
∣∣∣∣
∫
∞
−∞
E(s)G(t− s)dτ
∣∣∣∣
2
. (4)
It is straightforward to show that the right hand side of Eq. (4) can be described with two
Wigner functions33,
I(t, θ) =
1
2π
∫
∞
−∞
ds
∫
∞
−∞
dωWG(t− s, ω)WE(s, ω). (5)
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Here the Wigner function for a function F is defined as
WF (t, ω) =
∫
∞
−∞
F ∗(t− s/2)F (t+ s/2)e−iωsds. (6)
As seen in Eq. (5), the time-resolved spectrum is the convolution of two Wigner functions:
one is from the instrument of known, the other is from the signal of interest.
Making the Fourier transformation of the Wigner functions with respect to the time
variable,
Iˆ(χ, θ) =
∫
∞
−∞
I(t, θ)e−iχtdt,
WˆF (χ, ω) =
∫
∞
−∞
WF (t, ω)e
−iχtdt,
Eq. (5) can be simplified in the frequency domain,
Iˆ(χ, θ) =
∫
∞
−∞
WˆG(χ, ω)WˆE(χ, ω)
dω
2π
. (7)
III. CHIRPED PULSE: AN EXAMPLE
We are interested in the case that the frequency of the input signal is dependent of time.
As an example, we first consider the experiment that a laser beam is scattered from a beam
of uniformly accelerated electrons in non-relativistic condition. We assume that the laser
pulse is a gaussian and that the velocity of the electron beam is given by
v = at and v ≪ c. (8)
Here c is the light speed in vacuum. In this case, the scattering process can be approximated
with the dipole radiation, and the signal can be described with the following equation,
E(t) = E0e
−αt2/2+iω0t+iβt2/2, (9)
where ω0 is the frequency of the laser probe, α
−1/2 is its pulse duration, and β = k ·a, and k
is the differential wave number of the scattering. It is easy to show that the Wigner function
of the input signal is then given by
WE(t, ω) = 2E
2
0
√
π
α
e−αt
2
−(ω−ω0−βt)2/α. (10)
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Its Fourier component is
WˆE(χ, ω) =
2πE20√
α2 + β2
e
−
αχ2
4(α2+β2)
−
α(ω−ω0)
2
α2+β2
−i
β(ω−ω0)χ
α2+β2 (11)
The Fourier component of the Wigner function WˆG(χ, ω) for the grating can also be easily
obtained,
WˆG(χ, ω) = e
iχτθG(ω − χ/2)G(ω + χ/2), (12)
where the function G(ω) is defined as34
G(ω) =
sin(Nωτθ/2)
N sin(ωτθ/2)
. (13)
In the case of N ≫ 1, the function G(ω) have a series of sharp spikes locating at
ωτθ = 2nπ, where n = 0,±1,±2, · · · . (14)
For the sake of analytical calculation, we make the approximation
G(ω) ∼ e−(ωτθ−2pi)/σ
2
N , where σN = 0.7π/N. (15)
With this approximation, we have
WˆG(χ, ω) = e
iχτθ−
(ωτθ−2pi)
2
σ2
N
−
χ2τ2θ
4σ2
N . (16)
We introduce the diffraction angle shift ∆θ,
∆θ = θ − θ0.
where θ0 is defined as
d
λ0
(sinφ+ sin θ0) = 1, where λ0 =
2πc
ω0
.
After some basic calculations, we obtain the time-resolved spectrum of the chirped pulse (9)
output from a grating spectrometer,
I(t,∆θ) =
(σN/τ0)
2E20√
β2 + (α + (σN/τ0)2)2
e
−(aω0)2
α+(σN/τ0)
2
β2+[a+(σN/τ0)
2]2
[
∆θ+ β
aω0
(σN/τ0)
2
α+(σN/τ0)
2 t
]2
−
(σN/τ0)
2αt2
α+(σN/τ0)
2
, (17)
were a and τ0 are defined as
a =
cos θ0
sinφ+ sin θ0
,
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and
τ0 = τθ(θ0).
The result (17) shows that at any given time t the output signal has a maximum locating
at the diffraction angle
∆θ = −
β
aω0
(σN/τ0)
2
α+ (σN/τ0)2
t.
The measured frequency shift ∆ω = ω−ω0, which can be found through the Bragg equation
(14), depends on the diffraction angle ∆θ through the following equation,
∆ω = −aω0∆θ. (18)
The time-resolve spectrum of a chirped pulse output from a grating spectrometer is
I(t,∆ω) =
(σN/τ0)
2E20√
β2 + (α + (σN/τ0)2)2
e
−
α+(σN/τ0)
2
β2+[a+(σN/τ0)
2]2
[
∆ω−
(σN/τ0)
2
α+(σN/τ0)
2 βt
]2
−
(σN/τ0)
2αt2
α+(σN/τ0)
2
. (19)
As seen in Eq. (19), the measured frequency shift of the chirped pulse depends on time as
∆ω =
(σ/τ0)
2
α + (σ/τ0)2
βt.
The changing rate of the measured frequency becomes smaller due to the dispersion of the
grating. After integrating over the frequency ∆ω, we obtain the spectral-integrated signal,
I(t) ∼ e
−
(σN/τ0)
2αt2
α+(σN/τ0)
2 .
In comparison with the input signal, the output pulse becomes a little longer due to the
dispersion of the grating. In the case of
α≪ (σN/τ0)
2,
the effects of the grating on the frequency and duration of the chirped pulse becomes negli-
gible,
I(t,∆ω) =
(σN/τ0)
2E20√
β2 + (σN/τ0)4
e
−
(σN/τ0)
2
β2+(σN/τ0)
4 (∆ω−βt)
2
−αt2.
IV. TIME-RESOVLED SPECTRUM OF THOMSON SCATTERING
In an experiment of Thomson scattering off laser-produced plasmas, the observed scat-
tering spectra usually vary with time due to the temporal evolutions of plasma parameters
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such as electron temperature and plasma flow velocity, etc. In the case that the incident
wave is plane and monochromatic, the electric field of scattering waves from a plasma in
non-relativistic case is given by35
Es(R, t) =
ren× (n× E0)
2R
∫
V
d3r
∫
dτ
∫
dωs
2π
[
e−iωs(t−R/c)ei(ωs−ω0)τ−i(nωs/c−k0)·r + C.C.
]
nˆe(r, τ).
(20)
Here R is the position of the objective lens of the scattering system, n = R/R is the
scattering direction, re is the classical electron radius, (ω0,k0) are the frequency and wave
vector of the incident light wave, E0 is the amplitude of the incident wave, C.C. denotes the
complex conjugation term, and nˆe(r, τ) is the exact electron density defined as
nˆe(r, τ) =
Ne∑
j=1
δ(r− rj(τ)). (21)
The time-dependent part of the scattering wave field can be fully described with the following
function,
F (t) =
∫
V
d3r
∫
dτ
∫
dωs
2π
(
e−iωstei∆ωτ−i∆k·r + c.c.
)
nˆe(r, τ).
where ∆ω and ∆k are given by
∆ω = ωs − ω0, (22a)
∆k =
ωs
c
n− k0. (22b)
The scattering waves are relayed into a grating spectrometer and then recorded with a streak
camera. The signal on the slit of the streak camera can be written as
I(t, θ) = ∆Ω
cE20
16π
r2e
[
1− (n · e0)
2
] ∫ ∞
−∞
ds
∫
∞
−∞
WG(t− s, ω)WF (s, ω)
dω
2π
,
where ∆Ω is the solid angle of the collection system, and the Wigner function WF (t, ω) of
F (t) is now given by
WF (s, ω) =
∫
dq
∫
V
d3r
∫
dτ
∫
dωs
2π
∫
V
d3r′
∫
dτ ′
∫
dω′s
2π
〈nˆe(r, τ)nˆe(r
′, τ ′)〉 e−iωq
×
[
e−iωs(s+q/2)ei∆ωτ−i∆k·r + C.C.
] [
e−iω
′
s(s−q/2)ei∆ω
′τ ′−i∆k′·r′ + C.C.
]
. (23)
Here 〈nˆe(r, τ)nˆe(r
′, τ ′)〉 is the auto-correlation function of electron density, and the notation
〈· · · 〉 means ensemble average.
The auto-correlation function 〈nˆe(r, τ)nˆe(r
′, τ ′)〉 in Eq. (23) plays the central role in the
theory of Thomson scattering. For a stationary homogeneous plasma, the auto-correlation
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function 〈nˆe(r, τ)nˆe(r
′, τ ′)〉 just depends on the spatial and temporal dispalcements between
the points (r, τ) and (r′, τ ′). It is easy to show that the function WF is independent of the
time variable s, and is proportional to the dynamic form factor of the plasma,
WF (s, ω) = 4πneS(∆k,∆ω). (24)
Here S(∆k,∆ω) is the usual dynamic form factor of the plasma, ne is the ensemble-averaged
electron density. In this case, of course, the recorded scattering spectrum does not vary with
time.
When the plasma evolves slowly with space and time, the auto-correlation function
〈nˆe(r, τ)nˆe(r
′, τ ′)〉 can be written as23
〈nˆe(r, τ)nˆe(r
′, τ ′)〉 = 〈nˆe(r
′ + ̺, τ ′ + η)nˆe(r
′, τ ′)〉 . (25)
Now the auto-correlation function also depends on the space-time coordinates (r′, τ ′) as well
as the displacements (̺, η). We introduce a new function Q(k, ω; r′, τ ′) defined as
Q(∆k,∆ω; r′, τ ′) =
∫
V
d3̺
∫
dηei∆ωη−i∆k·̺ 〈nˆe(r
′ + ̺, τ ′ + η)nˆe(r
′, τ ′)〉 . (26)
Generally, Q(∆k,∆ω; r′, τ ′) is a complex function. Neglecting high frequency terms around
2ω0, one can easily show that Eq. (23) can be reduced into the following form,
WF (s, ω) = 2
∫
dωs
2π
∫
d3̺′
∫
dτ ′Q(∆k,∆ω;̺′, τ ′)e−i2(ωs−ω)sei2(ωs−ω)τ
′
−i2[(ωs−ω)/c]n·̺′+C.C.,
Introducing a new variable χ = 2(ωs − ω), we have
WF (s, ω) =
∫
dχ
2π
∫
d3̺′
∫
dτ ′Q
[
∆k + (χ/2c)n,∆ω +
χ
2
;̺′, τ ′
]
e−iχseiχτ
′
−i(χ/c)n·̺′ + C.C..
(27)
It is reasonable to assume that the function Q(∆k,∆ω;̺′, τ ′) varies with (̺′, τ ′) in hydro-
dynamic scales. On the other hand, ∆ω is the typical frequency of fluctuations measured
with Thomson scattering. The following condition can be fulfilled in usual experiments,
χ≪ ∆ω. (28)
The typical frequency of hydrodynamic motions of the plasma is about cs/Ln, where cs is
the sound speed, and Ln is the scale length of the plasma. Then we can make the estimation,
(χ/c)n · ̺′ ∼
cs
c
, (29a)
χ
2c∆k
∼ 4π sin(θs)
λ0
Ln
cs
c
, (29b)
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where λ0 is the wavelength of probe light, and θs is the scattering angle. In writing Eq. (29a),
we already assume that the size of the scattering volume is in the same order of the scale
length, a condition usually satisfied in an experiment of laser-produced plasma. Since sound
speed in a plasma is usually much slower than the light speed, we can neglect χ/c in Eq. (27).
The function WF (s, ω) can be approximated as
WF (s, ω) = 2
∫
V
d3rReQ (∆k,∆ω; r, s)−
∫
V
d3r
∂2
∂s∂∆ω
ImQ (∆k,∆ω; r, s) . (30)
If the function Q(∆k,∆ω; r, s) is real, Eq. (30) can be simplified,
WF (s, ω) = 2
∫
V
Q(∆k,∆ω; r, s)d3r. (31)
The recorded signal is given by
I(t, θ) = ∆Ω
cE20
8π
r2e
[
1− (n · e0)
2
] ∫ ∞
−∞
ds
∫
∞
−∞
dω
∫
V
WG(t− s, ω)Q (∆k,∆ω; r, s)d
3r. (32)
Equation (32) describes the time-resolved spectrum recorded with a streak camera, where
the measured frequency is determined with Eq. (18). As indicated in the equation, the
output signal is the convolution of the grating and the spectral density of auto-correlation
function of electron density. Guided with the result of Eq. (24), we intuitively suggest that
Q (∆k,∆ω; r, s) can be approximated as
Q(∆k,∆ω; r, t) = ne(r, t)S(∆k,∆ω; r, t). (33)
Here S(∆k,∆ω; r, t) is the dynamic form factor with inclusion of slow plasma evolution,
which is recently carried out by V. V. Belyi23.
As a remark, it should be pointed out that the phase factor (χ/c)n · ̺′ in Eq. (27) may
not always be negligible when a rapid process is studied. In a recent experiment performed
by A. S. Davies et. al., picosecond thermodynamics in underdense plasmas was measured
with Thomson scattering30. In the experiment, χ ∼ 1011 Hz, and the size of the scattering
volume along the scattering direction is about 100 µm. The phase factor (χ/c)n ·̺′ is about
0.1π, a marginal value that can be neglected.
V. SUMMARY
In this article, we examine the meaning of the so-called time-resolved Thomson scattering
spectrum that is usually encountered in experiments of laser-driven high-energy-density
9
physics. When plasma evolves slowly, our result shows that the recorded signal is indeed
the convolution of the response function of dispersion element and the spectral density of
auto-correlation of electrons, i.e., Eqs. (32) and (33).
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